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Abstrat
We disuss smooth nonlinear ontrol systems with symmetry. For a free and
proper ation of the symmetry group, the redution of symmetry gives rise to a
redued smooth nonlinear ontrol system. If the ation of the symmetry group
is only proper, the redued nonlinear ontrol system need not be smooth.
Using the smooth alulus on nonsmooth spaes, provided by the theory of
dierential spaes of Sikorski, we prove a generalization of Sussmann's theorem
on orbits of families of smooth vetor elds.
Mathemati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ation. Primary 58A40, Se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1 Introdution
Geometri ontrol theory is formulated in terms of smooth manifolds in order to be
able to use smooth alulus in the analysis of the system. The bundle piture of
nonlinear ontrol was introdued by Brokett, [6℄, beause the loal nonlinear ontrol
system dynamis on a manifold M , given by
x˙ = ϕ(x, u),
where ϕ : M × U → TM, was not an adequate desription in the ase where the
inputs depend on the states or the time histories of the states.
The role of symmetries was disussed by van der Shaft, [19℄, and Grizzle and
Marus, [11℄, see also [5℄ and referenes quoted there. If the ation of the symmetry
group G of the phase spae M of the system is free and proper, and the ontrol vetor
elds are G-invariant, then the redution of symmetry gives rise to a ontrol system
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on the spae M¯ = M/G of orbits of G on M . The assumption that the ation of
G on M is free and proper implies that M¯ is a quotient manifold of M . This is the
setting for a disussion of symmetries in most of the papers mentioned above.
If the ation of G on M is not free, then the orbit spae M¯ = M/G may have
singularities. In the ase of a proper ation the orbit spae is a stratied spae, [10℄.
The redution of a proper ation of a symmetry group of a Hamiltonian system has
been a subjet of investigation for several years. A onvenient tool to study redued
spaes, whih are not manifolds, is the theory of dierential spaes of Sikorski, [21℄. It
was rst used impliitly by Sjamaar and Lerman, [24℄. A dierential spae formulation
of singular redution is given in [9℄ for unonstrained Hamiltonian systems, and in
[25℄ for nonholonomially onstrained Hamiltonian system.
The aim of this paper is to disuss redution of symmetries of nonlinear ontrol
systems, and to show how the alulus on dierential spaes enables us to get results
in a non-smooth setting. For a free and proper ation of the symmetry group, the
redution reprodues the bundle formulation. If the ation of the symmetry group
is only proper, we get a dierential spae analogue of the bundle formulation of
Brokett. Nevertheless, we are able to prove a generalization of Sussmann's Theorem
on orbits of families of loal vetor elds, [30℄.
In Setion 2, we desribe the bundle formulation for smooth nonlinear ontrol
systems, and their symmetries. Setion 3 is devoted to a disussion of symmetry
redution. A generalization of Sussmann's Theorem is proved in Setion 4. Setion
5 ontains onluding remarks. A review of tehniques of dierential spae theory is
given in Setion 6
2 Nonlinear Control Systems with Symmetry
A smooth nonlinear ontrol system is dened to be a quadruple (B,M, π, ϕ) suh
that
(i) (B,M, π) is a bre bundle with total spae B, base spae M and projetion
π : B → M, and
(ii) ϕ : B → TM is a bundle morphism suh that, for eah x ∈ M and eah
b ∈ Bx = π
−1(x), ϕ(b) ∈ TxM .
The assumption that (B,M, π) is a bre bundle implies that there exists a family
Γ(M,B) of smooth loal setions σ of π : B → M suh that M is overed by the
domains of σ ∈ Γ(M,B). For eah σ ∈ Γ(M,B), the omposition X = ϕ◦σ is a
ontrol vetor eld on M . In this way we obtain a family D
D = {X = ϕ◦σ | σ ∈ Γ(M,B)} (1)
of loally dened vetor elds on M suh that M is overed by the domains of
X ∈ D. By hoosing Γ(M,B) we have eetively redued the non-linear ontrol
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system (B,M, π, ϕ) to a pieewise linear system given by the family D of loal vetor
elds on M .
An example of a ontrol problem onM is the analysis of the struture of aessible
sets of a family D. For eah X ∈ D, we denote by exp(tX) the loal one-parameter
loal group of dieomorphisms ofM generated by X . For every x ∈M , the aessible
set of D through x is
Nx = {exp(tnXn)◦ ...◦ exp(t1X1) | n ∈ N, t1, ..., tn ∈ R, X1, ..., Xn ∈ D}. (2)
It has been shown by Sussmann that Nx is a manifold immersed in M, [30℄. The
family of aessible sets of D denes on M the struture of a smooth foliation with
singularities, [29℄.
Let G be a Lie group with Lie algebra g, and let
Θ : G× B → B : (g, u) 7→ Θ(g, u) ≡ Θg(u) ≡ gu,
and
Φ : G×M → M : (g, x) 7→ Φ(g, x) ≡ Φg(u) ≡ gx,
be left ations of G on B, and M , respetively. We say that G is a symmetry group
of the ontrol system (B,M, π, f) if the map ϕ : B → TM intertwines the ation Θ
on B and TΦ on TM . In other words, G is a symmetry if, for every g ∈ G,
ϕ◦Θg = TΦg◦ϕ.
We onsider here a speial ase in whih all setions σ ∈ Γ(M,B) intertwine the
ation Φ on M and the ation Θ on B. In other words, we assume that
σ◦Φg = Θg◦σ (3)
for every σ ∈ Γ(M,B) and g ∈ G. In this ase all vetor elds X ∈ F are G-invariant.
Thus, we are dealing with a ontrol system on a manifold with symmetry in whih
all ontrols have the same symmetry.
3 Redution
In this setion we desribe the ontrol system obtained by symmetry redution of a
smooth nonlinear ontrol system with symmetry.
If the ations Θ and Φ are free and proper, then orbit spaes B¯ = B/G and
M¯ = M/G are quotient manifolds of B and M , respetively, with projetion maps
β : B → B¯ and µ : M → M¯. Sine the map π : B → M intertwines the ations Θ
and Φ, it indues a map π¯ : B¯ → M¯ suh that
µ◦π = π¯◦β.
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Let ψ = Tµ◦ϕ : B → TM¯ . For every g ∈ G, and u ∈ B,
ψ(gu) = Tµ(ϕ(Θgu)) = Tµ(TΦg(ϕ(u)) = Tµ(ϕ(u)) = ψ(u).
Thus, ψ is onstant on orbits of G, and it pushes forward to a smooth map ϕ¯ : B¯ →
TM¯ suh that
Tµ◦ϕ = ϕ¯◦β.
Proposition 1 The quadruple (B¯, M¯ , π¯, ϕ¯) is a smooth nonlinear ontrol system.
Proof. Sine π¯◦β = µ◦π, it follows that β−1(π¯−1(V )) = π−1(µ−1(V )) for every
V ⊆ M¯. Hene, π¯−1(V ) = β(π−1(µ−1(V )).
Sine the ations Θ and Φ are free and proper, they introdue struture of a (left)
G-prinipal bre bundle on β : B → B¯ and µ : M → M¯ , respetively. Hene, for
every x¯ ∈ M¯ , there exists a neigbourhood V of x¯ in M¯ , suh that µ−1(V ) ∼= G× V .
Let e denote the identity in G. Sine π : B → M is loally trivial, there exists a
neighbourhood of x = (e, x¯) ∈ µ−1(V ) ⊆ M of the form U × Sx, where U is an open
neigbourhood of e in G and Sx is a slie through x for the ation of G on M, suh
that
π−1(U × Sx) ∼= π
−1(x)× U × Sx.
By shrinking V and Sx, if neessary, we may assume that V = µ(Sx). This implies
that
π−1(µ−1(V )) ∼= π−1(G× V ) ∼= π−1(x)×G× Sx.
Hene,
π¯−1(V ) ∼= β(π−1(µ−1(V )) ∼= β(π−1(x)×G× Sx) = π
−1(x)× Sx ∼= π
−1(x)× V .
Moreover,
π¯−1(x¯) = {b¯ ∈ B¯ | π¯(b¯) = x¯} ∼= {Gb | b ∈ B, β◦π(b) = x¯}
∼= {(b′, Gg′, x) ⊂ π−1(x)×G× Sx | g
′ ∈ G}
∼= {(b′, x) ∈ π−1(x)× {x}} ∼= π−1(x).
This implies that π¯ : B¯ → M¯ is loally trivial.
The map ϕ¯ : B¯ → TM¯ satises Tµ◦ϕ = ϕ¯◦β. Hene, for eah x¯ ∈ M¯, b¯ ∈ B¯x¯ =
π¯−1(x¯), and b ∈ β−1(b¯), we have
ϕ¯(b¯) = ϕ¯(β(b)) = Tµ(ϕ(b)) ∈ Tµ(Tpi(b)M) ⊂ Tµ(pi(b))M¯ = Tx¯M¯
beause x¯ = π¯(b¯) = π¯(µ(b)) = µ(π(b)). This ompletes the proof.
Let Γ(M¯, B¯) denote a spae of smooth setions σ¯ : M¯ → B¯ of π¯ : B¯ → M¯ . For
eah σ¯ ∈ Γ(M¯, B¯), the omposition X¯ = f¯ ◦ σ¯ is a ontrol vetor eld on M¯ . As
before, we obtain a family D of vetor elds on M¯ parametrized by σ¯ ∈ Γ(M¯, B¯). In
other words,
D = {X¯ = ϕ¯◦ σ¯ | σ¯ ∈ Γ(M¯, B¯)}. (4)
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Proposition 2 For a free and proper ation of G on M , given a vetor eld X¯ on
the orbit spae M¯ = M/G there exists a G-invariant vetor eld X on M suh that
X¯ = µ∗X, where µ : M → M¯ is the orbit map.
Proof. Let horTM be a onnetion on the prinipal G-bundle µ : M → M¯ . That
is, horTM is a G-invariant distribution on M suh that
horTM ⊕ ker Tµ = TM.
Let X be the horizontal lift of X¯. In other words, X is a vetor eld on M with
values in horTM suh that X¯ = µ∗X . Sine horTM is G-invariant, it follows that X
is G-invariant.
It follows that the piee-wise linearization of the redued smooth non-linear ontrol
system (B¯, M¯ , π¯, ϕ¯) orresponds to a piee-wise linearization of the original smooth
non-linear ontrol system (B,M, π, ϕ) in terms of a family D of G-invariant vetor
elds on M .
If the ations Θ and Φ are not free, the orbit spaes B¯ and M¯ need not be
manifolds. If Θ and Φ are proper, then B¯ and M¯ are stratied spaes, [10℄. Following
Shwarz, [20℄, we dene dierential strutures on B¯ and M¯ in terms of G-invariant
smooth funtions on B and M , respetively. More preisely,
C∞(B¯) = {h : B¯ → R | h◦β ∈ C∞(B)},
and
C∞(M¯) = {h : M¯ → R | h◦µ ∈ C∞(M)}.
The spaes B¯ and M¯ endowed with these dierential strutures are Hausdor dier-
ential spaes in the sense of Sikorski, [23℄. In [9℄, it has been shown that orbit spaes
of a proper ation are dierential spaes that are loally dieomorphi to subsets of
R
n. Suh spaes have been introdued by Aronszajn, [2℄, under the name of subarte-
sian spaes. In the appendix, we review properties of smooth subartesian spaes
following [26℄.
As in the ase of a free and proper ation, we have a smooth projetion β¯ : B¯ → M¯.
In order to desribe the mapping ϕ¯ : B¯ → TM¯ , we have to dene what we mean
here by the tangent bundle spae of a subartesian spae. This problem has been a
subjet of many papers, see [1℄, [4℄, [12℄, [13℄, [14℄, [15℄, [16℄, [17℄, [22℄, [28℄, [32℄ and
referenes quoted there. Dierent notions of tangent vetors, whih are equivalent on
a manifold, are need not be equivalent in the ase of a dierential spae.
We begin with the Zariski tangent bundle spae TZM . For x ∈ M , the Zariski
tangent spae TZx M¯ onsists derivations at x of C
∞(M¯). In other words, an element
of TZx M¯ is a linear map
v : C∞(M¯)→ R : h 7→ v · h
satisfying Leibniz' rule
v · (h1h2) = (v · h1)h2(x) + h1(x)(v · h2)
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for all h1, h2 ∈ C
∞(M¯).
Vetors in TM at by derivation on C∞(M). If u ∈ B, and x = π(u), then
ϕ(u) ∈ TxM ats on f ∈ C
∞(M) by
ϕ(u) · f =
d
dt
f(c(t))|t=0,
where t 7→ c(t) is a urve in M suh that c(0) = x and c˙(0) = ϕ(u). For every g ∈ G,
ϕ(Θgu) · f = TΦg(ϕ(u)) · f = ϕ · Φ
∗
gf =
d
dt
f(Φg(c(t)))|t=0.
If f is G-invariant, then f ◦Φg = f , and ϕ(Θgu) · f = ϕ(u) · f for every g ∈ G. In this
ase, ϕ(u) · f depends only on u¯ = β(u) ∈ B¯. Sine every G-invariant funtion on M
is of the form f = h◦µ, for a unique h ∈ C∞(M¯), we have a map ϕ¯ : B¯ → TZM¯ suh
that
ϕ¯(u¯) · h = β(u) · (h◦µ) (5)
for every h ∈ C∞(M¯), where u is any element of β−1(u¯).
Before we an laim that (B¯, M¯, π¯, ϕ¯) is the redued ontrol system, we have to
examine the role played by ϕ and ϕ¯. In the preeding setion, we have used the map
ϕ : B → TM to assoiate to a family Γ(M,B) of loal setions of π : B → M a
family D of loally dened vetor elds on M . The denition of aessible sets of
D is based on the fat that every vetor eld X gives rise to a loal one-parameter
group of loal dieomorphisms exp(tX). By assumption, every setion σ ∈ Γ(M,B)
intertwines the ations of G on M and B, see equation (3). Hene, it gives rise to a
loal setion σ¯ of π¯ : B¯ → M¯ suh that
σ¯◦β = µ◦σ.
Moreover, the loal vetor eld X = ϕ◦σ is G-invariant. Hene, it gives rise to a loal
derivation X¯ of C∞(M¯) suh that, for every x ∈ domainX and h ∈ C∞(M¯)
X¯(µ(x)) · h = X(x) · (h◦µ).
In this way we obtain a family D of loal derivations of C∞(M¯). Moreover, for every
X¯ ∈ D and x¯ ∈ domainX¯,
X¯(x) = ϕ¯(σ¯(x)).
Hene, the assumption (3) implies that the family Γ(M,B) of loal setions of
π : B →M gives rise to a family Γ(M¯, B¯) of loal setions of π¯ : B¯ → M¯ . Moreover,
the family D of loal derivations of M¯ is given by
D = {X¯ = ϕ¯◦ σ¯ | σ¯ ∈ Γ(M¯, B¯)}.
The question arises if loal derivations X¯ ∈ D generate loal one-parameter groups
of loal dieomorphisms of M¯ . Every loal derivation of C∞(M¯) extends loally to a
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global derivation of C∞(M¯), [26℄. However, not all global derivations of C∞(M¯) gen-
erate loal one-parameter groups of loal dieomorphisms of M¯ . Global derivations
of C∞(M¯) that generate loal one-parameter groups of loal dieomorphisms of M¯
are alled in [26℄ vetor elds on M¯, for details see Appendix. In the remainder of
this setion we show that all loal derivations X¯ ∈ D are loal vetor elds on M in
the sense that they generate loal one-parameter groups of loal dieomorphisms of
M¯ .
It follows from the existene of G-invariant partitions of unity for proper a-
tions, see [8℄, that every loally dened G-invariant vetor eld X an be loally
extended to a globally dened G-invariant vetor eld. In other words, for every
x ∈ domainX, there exists a neighbourhood U of x ∈ M and a globally dened G-
invariant vetor eld X ′ on M suh that the restritions to U of X and X ′ oinide,
i.e. X|U = X
′
|U . Hene, vetor elds in D are loally restritions of globally dened
G-invariant vetor elds on M . Therefore, the loal one-parameter group exp(tX)
of loal dieomorphisms of domainX and the loal one-parameter group exp(tX ′) of
loal dieomorphisms of M oinide on U.
By onstrution, a vetor eld X¯ ∈ D is the push-forward by µ of a vetor eld
X ∈ D. Sine X isG-invariant, the loal one-parameter group exp(tX) of loal dieo-
morphisms of domainX ⊆ M generated by X preserves G-orbits in domainX . Hene,
it indues a loal one-parameter group exp(tX¯) of loal transformations of the orbit
spae (domainX)/G = domainX¯. For every G-invariant funtion f ∈ C∞(domainX),
the pull-bak exp(tX)∗f = f ◦ exp(tX) is G-invariant. Hene, exp(tX¯)∗h is smooth
for every h ∈ C∞(domainX¯). This implies that exp(tX¯) is a loal one-parameter
group of loal dieomorphisms of domainX¯ .
On the other hand, X¯ ′ = µ∗X
′
is a derivation of C∞(M¯) and it indues a loal
one-parameter group exp(tX¯ ′) of loal dieomorphisms of M¯ whih oinides with
exp(tX¯) on U¯ = U/G. Moreover, for every point x ∈ M there is a neighbourhood
U of x in M , and a G-invariant vetor eld X ′ on M suh that the above ondition
is satised. Hene, for every X¯ ∈ D, the loal one-parameter group exp(tX¯) of loal
dieomorphisms of domainX¯ is given loally by restritions of loal one-parameter
groups of loal dieomorphisms of M .
We denote by TM¯ the set of values of all vetor elds on M¯. In other words, for
every x ∈ M¯ and v¯ ∈ TxM¯ , there exists a global derivation X¯ of C
∞(M¯), generating a
loal one-parameter group exp(tX¯) of loal dieomorphisms of M¯ suh that X¯(x) = v¯.
The disussion above implies that the map ϕ¯ dened by equation (5) has values in
TM¯. We shall see in the next setion that this property implies that orbit spaes of
D¯ are smooth manifolds. In the following, we write ϕ¯ : B¯ → TM¯ , and refer to the
quadruple (B¯, M¯ , π¯, ϕ¯) as the redued ontrol system.
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4 Generalized Sussmann's Theorem
We prove here a generalization of Sussmann's Theorem, [30℄, to subartesian spaes.
Let M¯ be a subartesian spae and X (M¯) the family of all globally dened vetor
elds on M¯ . In other words, X ∈ X (M¯) if and only if X is a derivation of C∞(M¯)
that generates a loal one-parameter loal group of dieomorphisms of M¯.
Theorem 3 Let D be a family of loal vetor elds on a subartesian spae M¯ suh
that, for every X¯ ∈ D and x¯ ∈ domainX¯, there exists a neighbourhood U¯ of x¯ and
a vetor eld X¯ ′ ∈ X (M¯) suh that X¯|U¯ = X¯
′
|U¯
. For eah x¯ ∈ M¯ the orbit N¯x¯ of D
through x¯, dened by
N¯x¯ = {exp(tnX¯n)◦ ...◦ exp(t1X¯1) | n ∈ N, t1, ..., tn ∈ R, X¯1, ..., X¯n ∈ D}
is a smooth manifold.
Proof. For eah X¯i ∈ D in the expression for N¯x¯, we an replae exp(tiX¯i) by
exp(tiX¯
′
i), where X¯
′
i ∈ X (M¯). This implies that N¯x¯ is ontained in the orbit
M¯x¯ = {exp(tnX¯
′
n)◦ ...◦ exp(t1X¯
′
1) | n ∈ N, t1, ..., tn ∈ R, X¯
′
1, ..., X¯
′
n ∈ X (M¯)}
of X (M¯) passing through x. It has been proved in [26℄ that M¯x¯ is a smooth manifold.
Let D|M¯x denote the family of loal vetor elds on M¯x¯ obtained by the restrition
to M¯x¯ of loal vetor elds in D. We an write
N¯x¯ = {exp(tnX¯n)◦ ...◦ exp(t1X¯1) | n ∈ N, t1, ..., tn ∈ R, X¯1, ..., X¯n ∈ D|M¯x¯}.
By Sussmann's Theorem, [30℄, N¯x¯ is an immersed submanifold of M¯x¯. Hene, N¯x¯ is a
smooth manifold.
5 Conluding remarks
It follows from the disussion in the preeding setions that the notion of a smooth
nonlinear ontrol system (B,M, π, ϕ) an be naturally extended to the ase when the
spaes B and M have singularities. Redution of symmetries gives rise to stratied
spaes with relatively mind singularities. However, as illustrated in the proof of
Theorem 3, most of arguments used here are valid for subartesian spaes. Sine
subartesian spaes are loally dieomorphi to arbitrary subsets of R
n
, it follows
that allowable singularities are restrited only by niteness of dimension.
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6 Appendix: Dierential spaes
Dierential spaes were introdued by Sikorski, [21℄, see also [22℄ and [23℄. Their
struture has been investigated by several authors, see [1℄, [4℄, [12℄, [13℄, [14℄, [15℄,
[16℄, [17℄, [27℄, [28℄, [31℄, [32℄ and referenes quoted there.
A dierential struture on a topologial spae S is a family of funtions C∞(S)
satisfying the following onditions:
2.1. The family
{f−1((a, b)) | f ∈ C∞(S), a, b ∈ R}
is a sub-basis for the topology of S.
2.2. If f1, ..., fn ∈ C
∞(S) and F ∈ C∞(Rn), then F (f1, ..., fn) ∈ C
∞(S).
2.3. If f : S → R is suh that, for every x ∈ S, there exist an open neighbourhood
Ux of x and a funtion fx ∈ C
∞(S) satisfying
fx | Ux = f | Ux,
then f ∈ C∞(S). Here the vertial bar | denotes the restrition.
A dierential spae is a topologial spae endowed with a dierential struture.
Let R andS are dierential spaes with dierential strutures C∞(R) and C∞(S),
respetively. A map ρ : R→ S is said to be smooth if ρ∗f ∈ C∞(R) for all f ∈ C∞(S).
A smooth map between dierential spaes is a dieomorphism if it is invertible and
its inverse is smooth.
Clearly, smooth manifolds are dierential spaes. However, the ategory of dier-
ential spaes is muh larger than the ategory of manifolds.
If R is a dierential spae with dierential struture C∞(R) and S is a subset
of R, then we an dene a dierential struture C∞(S) on S as follows. A funtion
f : S → R is in C∞(S) if and only if, for every x ∈ S, there is an open neighborhood
U of x in R and a funtion fx ∈ C
∞(R) suh that f |(S ∩ U) = fx|(S ∩ U). The
dierential struture C∞(S) desribed above is the smallest dierential struture on
S suh that the inlusion map ι : S → R is smooth. We shall refer to S with the
dierential struture C∞(S) desribed above as a dierential subspae of R. If S is
a losed subset of R, then the dierential struture C∞(S) desribed above onsists
of restritions to S of funtions in C∞(R).
A dierential spae R is said to be loally dieomorphi to a dierential spae S
if, for every x ∈ R, there exists a neighbourhood U of x dieomorphi to an open
subset V of S. More preisely, we require that the dierential subspae U of R be
dieomorphi to the dierential subspae V of S. A dierential spae R is a smooth
manifold of dimension n if and only if it is loally dieomorphi to Rn.
A Hausdor dierential spae that is loally dieomorphi to a subset of R
n
is
alled a subartesian spae. The original denition of subartesian spae was given
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by Aronszajn in terms of a singular atlas, [2℄, see also[3℄, [4℄, [14℄ and [13℄. The
haraterization of subartesian spaes used here an be found in [27℄ and [31℄. In
the following we review properties of families of vetor elds on subartesian spaes.
Proofs of theorems stated here an be found in [26℄.
Let S be a subartesian spae with a dierential struture C∞(S). A derivation
on C∞(S) is a linear map X : C∞(S)→ C∞(S) : f 7→ X · f satisfying Leibniz' rule
X · (f1f2) = (X · f1)f2 + f1(X · f2). (6)
We denote the spae of derivations of C∞(S) by DerC∞(S). It has the struture of a
Lie algebra with the Lie braket [X1, X2] dened by
[X1, X2] · f = X1 · (X2 · f)−X2 · (X1 · f)
for every X1, X2 ∈ DerC
∞(S) and f ∈ C∞(S).
A loal dieomorphism ϕ of S to itself is a dieomorphism ϕ : U → V , where U
and V are open dierential subspaes of S. For eah f ∈ C∞(S), the restrition of f
to V is in C∞(V ), and ϕ∗f = f ◦ϕ is in C∞(U). If ϕ∗f oinides with the restrition
of f to U, we say that f is ϕ-invariant, and write ϕ∗f = f. For eah X ∈ Der(C∞(S)),
the restrition of X to U is in Der(C∞(U)), and the push-forward ϕ∗X of X by ϕ is
a derivation of C∞(V ) suh that
(ϕ∗X) · (f | V ) = ϕ
−1∗(X · (ϕ∗f)) for all f ∈ C∞(S). (7)
Sine all funtions in C∞(V ) loally oinide with restritions to V of funtions in
C∞(S), equation (7) determines ϕ∗X uniquely. If ϕ∗X oinides with the restrition
of X to V , we say that X is ϕ-invariant and write ϕ∗X = X.
Let I be an interval in R. A smooth map c : I → S : t 7→ x(t) is an integral urve
of a derivation X if
d
dt
f(x(t)) = (X · f)(x(t))
for all f ∈ C∞(S) and t ∈ I.
Theorem 4 For every derivation X on a subartesian spae S and eah point x ∈ S,
there exists a unique maximal integral urve c of X suh that c(0) = x.
Denition 5 A vetor eld on a subartesian spae S is a derivation X of C∞(S)
suh that translations along integral urves of X give rise to loal dieomorphisms of
S.
There is a simple riterion haraterizing vetor elds on a subartesian spae; namely,
Theorem 6 A derivationX of C∞(S) is a vetor eld on S if and only if the domains
of maximal integral urves of X are open in R.
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If X is a vetor eld on S, we denote by exp(tX) the loal one-parameter group of
dieomorphisms dened byX . If X (S) is a family of all vetor elds on a subartesian
spae S, the orbit Sx of X (S) through x is given by equation (2). In other words,
Sx = {exp(tnXn)◦ ...◦ exp(t1X1) | n ∈ N, t1, ..., tn ∈ R, X1, ..., Xn ∈ X (S)}.
Theorem 7 Let X (S) be the family of all vetor elds on a subartesian spae S.
For eah x ∈ S, the orbit Sx is a manifold, and the inlusion map Sx →֒ S is smooth.
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